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1. INTRODUCTION

Recently, in the context of a project study it was considered as a subproblem to satisfy
a design aim such that at least the fundamental frequency of a cantilever beam remains the
same in spite of the addition of a mass at some point on the beam. After noticing that the
conditions for the frequencies to remain the same in spite of modi"cations have not been
studied in various publications where the e!ects of local mass/sti!ness modi"cations on the
eigencharacteristics of structures are studied [1}4], it was decided that this special case be
investigated.

It was thought that an appropriate method of solution could be to restrain the beam with
a spring to counteract the frequency-decreasing e!ects of mass addition. Another approach
could be &&dynamic sti!ening'' of the beam without adding a spring as in reference [5].

Within this framework, the required coe$cients of the springs to be placed at certain
locations such that the fundamental frequencies will remain the same although there are
added masses, are calculated for practically reasonable mass ranges. The results for various
supporting conditions are presented as separate tables.

Although it is acknowledged that the contributions of this study do not solve a very
complex problem, it is nevertheless thought that the presented tables can be quite helpful for
a design engineer who has to solve a problem of this nature.

2. THEORY

The problem can be stated referring to the cantilever beam in Figure 1. Denote the
dimensionless frequencies which are de"ned with respect to the reference frequency

u
0
"JEI/m¸4 (1)

of the bare cantilever beam (bending rigidity: EI, mass per unit length: m, length: ¸), as
u*

1
, u*

2
,2 .

One requires that the fundamental frequency remains unchanged in spite of an additional
mass mN

l
placed at xN

l
for some reason. Assume that a spring of sti!ness k

k
is placed at xN

k
to

achieve this.
The dimensionless quantities that are used are de"ned as follows:

xN
l
"xN

l
/¸, xN

k
"x

k
/¸, mN

l
"m

l
/m¸, kM

k
"k

k
/EI/¸3. (2)
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Figure 1. After attaching a point mass mN
l
at xN

l
, a restraining spring kM

k
is applied at xN

k
in order to preserve the

fundamental frequency of the bare cantilever.
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The frequency equation of the system in Figure 1 which carries the mass mN
l
and restrained

by the spring kM
k
, can be written as [6]

det(K*!u*2M*)"0, (3)

where

u*"u/u
0
, K*"B1 #k1

k
a(xN

k
)aT (x6

k
), B1 "diag(bM 4

k
), M*"I#mN

l
a (xN

l
)aT(xN

l
),

a (xN )"[a
1
(xN ),2, a

n
(xN )]T, a

k
(xN )"coshbM

k
xN !cosbM

k
xN !gN

k
(sinhbM

k
xN !sinbM

k
xN ),

g6
k
"(coshbM

k
#cos bM

k
)/(sinhbM

k
#sin bM

k
), xN "x/¸, (4)

bM
1
"1)87510406, bM

2
"4)69409113, bM

3
"7)85475748, bM

4
"10)99554073

bM
5
"14)13716839, bM

6
"17)27875953, bM

7
"20)42035225, bM

8
"23)56194490,

bM
9
"26)70353755, bM

10
"29)84513020,2

I"n-dimensional unit matrix.
Generally, the procedure is to "nd the dimensionless frequencies u* that will satisfy

equation (3), given the matrices K* and M*. For the present case, the following problem is
considered: It is required that u*"u*

1
"bM 2

1
. The parameters xN

l
, mN

l
and therefore the mass

matrix M* are known. In addition, xN
k
, i.e., the location for the spring is chosen. The

dimensionless spring constant kM
k
is the parameter to be found, meaning that the equation

det[K*(xN
k
, kM

k
)!u*2

1
M*(xN

l
, mN

l
)]"0 (5)

has to be solved with respect to k1
k
.

The k1
k
results found with MATLAB for various xN

l
, mN

l
and xN

k
values are given in Table 1.
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3. NUMERICAL RESULTS

Considering the fact that the tip sti!ness of a cantilever beam is 3EI/¸3, the k1
k

values
found from equation (5) are entered in Table 1 after dividing by 3. In other words, the
numbers seen in Table 1 are the dimensionless sti!ness values with reference to the tip
sti!ness of the beam.

The following can be observed in Table 1: The numbers of diagonal cells, which
correspond to the case of collocated added mass-straining spring, are the same e.g.,
k1
k
"0)4120 for mN

l
"0)1. This can be easily explained since the added spring constant is

k
k
"3]0)4120EI/¸3 and the mass is m

l
"0)1 m¸. The frequency of this spring}mass

subsystem is Jk
k
/m

l
"3)5157 JEI/m¸4 which is equal practically to the fundamental

frequency bM 2
1
u

0
of the bare beam, that we required to remain unchanged. The other

observations are

f The restraining spring at a certain location becomes sti!er as the mass added at a certain
location is increased.

f As the added mass approaches the root, the restraining springs become softer as they
approach the free end.

f As the added mass approaches the free end, the restraining springs become sti!er as they
approach the root.

When a certain additional mass is shifted towards the free end, the springs to be placed at
a certain location, generally becomes sti!er.

It is seen that some of the cells in the Table 1 are empty. This means that the frequency
compensation cannot be achieved for the corresponding case, e.g., for mN

l
"0)25, xN

l
"0)8

and xN
k
"0)1.

So far, only cantilevered beam is deal with. The results corresponding to other supporting
conditions are shown in Tables 2}4.

3.1. CLAMPED}SIMPLY SUPPORTED

In this case, following changes in equation (4) will become

a
k
(xN )"coshbM

k
xN !cos bM

k
xN !gN

k
(sinhbM

k
xN !sinbM

k
xN ),

g6
k
"(coshbM

k
!cosb1

k
)/(sinhbM

k
!sinbM

k
),

bM
1
"3)92660231, bM

2
"7)06858274, bM

3
"10)21017612, bM

4
"13)35176877,

bM
5
"16)49336143, bM

6
"19)63495408, bM

7
"22)77654673, bM

8
"25)91813939,

bM
9
"29.05973205, bM

10
"32)20132469,2 .

Considering the fact that the midpoint sti!ness of a clamped}simply supported beam is
768/7 EI/¸3, the k1

k
values found from equation (5) are entered in Table 2 after dividing by

the factor 768/7. In other words, the numbers seen in Table 2 are the dimensionless sti!ness
values with reference to the midpoint sti!ness of the beam.
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TABLE 3

As in ¹able 1: clamped}clamped

mN
l

xN
l

0)1 0)2 0)3 0)4 0)5

0)1 0)2607 2)9007 11)1263 30)1292 59)5747
0)2 0)0243 0)2607 0)8440 1)6771 2)3154
0)3 0)0078 0)0841 0)2607 0)4742 0)6119
0)4 0)0044 0)0484 0)1504 0)2607 0)3191

0)1 xN
k

0)5 0)0037 0)0412 0)1307 0)2241 0)2607
0)6 0)0044 0)0499 0)1623 0)2823 0)3191
0)7 0)0078 0)0896 0)3032 0)5455 0)6119
0)8 0)0246 0)2889 1)0488 2)0491 2)3154
0)9 0)2665 3)3471 15)4462 45)7021 59)577

0)1 0)6517 7)6790 46)8086
0)2 0)0612 0)6517 2)2233 5)5729 12)2230
0)3 0)0197 0)2137 0)6517 1)2447 1)8583
0)4 0)0112 0)1261 0)3863 0)6517 0)8332

0)25 xN
k

0)5 0)0094 0)1100 0)3549 0)5808 0)6517
0)6 0)0113 0)1364 0)4755 0)8062 0)8332
0)7 0)0200 0)2529 1)0032 1)8934 1)8583
0)8 0)0631 0)8628 4)5782 14)0453 12)2230
0)9 0)6894 11)8702

0)1 1)3035 17)0301
0)2 0)1235 1)3035 4)8837 24)6883
0)3 0)0400 0)4393 1)3035 2)7145 5)7885
0)4 0)0229 0)2708 0)8094 1)3035 1)7990

0)5 xN
k

0)5 0)0194 0)2470 0)8289 1)2374 1)3035
0)6 0)0233 0)3231 1)3334 2)1134 1)7990
0)7 0)0414 0)6445 4)3557 10)7364 5)7885
0)8 0)1315 2)5523
0)9 1)4635 78)5014

0)1 1)9553 28)6662
0)2 0)1869 1)9553 8)1242
0)3 0)0611 0)6778 1)9553 4)4766 19)6186
0)4 0)0351 0)4385 1)2748 1)9553 2)9317

0)75 xN
k

0)5 0)0299 0)4226 1)4937 1)9855 1)9553
0)6 0)0360 0)5942 3)3443 4)5989 2)9317
0)7 0)0644 1)3317 19)6186
0)8 0)2059 7)3485
0)9 2)3387

0)1 2)6071 43)5413
0)2 0)2513 2)6071 12)1564
0)3 0)0828 0)9302 2)6071 6)6278
0)4 0)0479 0)6351 1)7891 2)6071 4)2787

1 xN
k

0)5 0)0409 0)6556 2)4938 2)8457 2)6071
0)6 0)0495 1)0237 13)5986 11)1627 4)2787
0)7 0)0890 2)8523
0)8 0)2869 121)5734
0)9 3)3364
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TABLE 3

Continued

mN
l

xN
l

0)1 0)2 0)3 0)4 0)5

0)1 5)2142 196)4535
0)2 0)5207 5)2142 47)6147
0)3 0)1777 2)1076 5)2142 23)7377
0)4 0)1053 1)9399 4)5307 5)2142 13)7661

2 xN
k

0)5 0)0919 3)7816 8)1263 5)2142
0)6 0)1133 13)7661
0)7 0)2091
0)8 0)7007
0)9 9)2645

0)1 7)8213
0)2 0)8100 7)8213 1710)8802
0)3 0)2875 3)6456 7)8213 170)1790
0)4 0)1753 6)1545 9)2610 7)8213 52)7690

3 xN
k

0)5 0)1570 21)3037 7)8213
0)6 0)1986 52)7690
0)7 0)3796
0)8 1)3491
0)9 22)7217

0)1 10)4284
0)2 1)1215 10)4284
0)3 0)4158 5)7399 10)4284
0)4 0)2624 19)3755 10)4284

4 xN
k

0)5 0)2432 112)5877 10)4284
0)6 0)3183
0)7 0)6409
0)8 2)5107
0)9 83)0105

0)1 13)0355
0)2 1)4580 13)0355
0)3 0)5681 8)7590 13)0355
0)4 0)3738 56)2100 13)0355

5 xN
k

0)5 0)3624 13)0355
0)6 0)4988
0)7 1)0918
0)8 5)1936
0)9
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TABLE 4

As in ¹able 1: simply supported at both ends

m
l

xN
l

0)1 0)2 0)3 0)4 0)5

0)1 0)2029 0)7381 1)4283 2)0443 2)3424
0)2 0)0562 0)2029 0)3870 0)5461 0)6206
0)3 0)0297 0)1075 0)2029 0)2825 0)3182
0)4 0)0216 0)0783 0)1476 0)2029 0)2260

0)1 xN
k

0)5 0)0196 0)0714 0)1351 0)1847 0)2029
0)6 0)0217 0)0797 0)1516 0)2075 0)2260
0)7 0)0300 0)1113 0)2136 0)2933 0)3182
0)8 0)0571 0)2136 0)4141 0)5726 0)6206
0)9 0)2075 0)7848 1)5438 2)1578 2)3424

0)1 0)5073 1)8598 3)7207 5)6485 6)9162
0)2 0)1407 0)5073 0)9773 1)4251 1)6956
0)3 0)0747 0)2702 0)5073 0)7139 0)8280
0)4 0)0544 0)1990 0)3719 0)5073 0)5710

0)25 xN
k

0)5 0)0495 0)1838 0)3465 0)4664 0)5073
0)6 0)0552 0)2081 0)3987 0)5367 0)5710
0)7 0)0768 0)2957 0)5793 0)7872 0)8280
0)8 0)1468 0)5793 1)1706 1)6208 1)6956
0)9 0)5367 2)1878 4)6212 6)6097 6)9162

0)1 1)0147 3)7695 8)0015 13)7002 19)8110
0)2 0)2825 1)0147 1)9880 3)0743 4)0117
0)3 0)1509 0)5451 1)0147 1)4545 1)7771
0)4 0)1106 0)4088 0)7538 1)0147 1)1629

0)5 xN
k

0)5 0)1014 0)3863 0)7246 0)9481 1)0147
0)6 0)1137 0)4496 0)8723 1)1394 1)1629
0)7 0)1596 0)6604 1)3503 1)7949 1)7771
0)8 0)3078 1)3503 2)9934 4)1574 4)0117
0)9 1)1394 5)4147 13)7731 21)1657 19)8110

0)1 1)5220 5)7311 12)9790 26)1030 52)3372
0)2 0)4253 1)5220 3)0339 5)0051 7)3653
0)3 0)2286 0)8250 1)5220 2)2231 2)8760
0)4 0)1687 0)6305 1)1460 1)5220 1)7770

0)75 xN
k

0)5 0)1557 0)6106 1)1389 1)4461 1)5220
0)6 0)1759 0)7330 1)4443 1)8210 1)7770
0)7 0)2490 1)1211 2)4269 3)1308 2)8760
0)8 0)4855 2)4269 6)2245 8)6914 7)3653
0)9 1)8210 10)6515 40)5248 79)5897 52)3372

0)1 2)0293 7)7466 18)8385 47)6897 292)2399
0)2 0)5691 2)0293 4)1167 7)2963 12)6545
0)3 0)3078 1)1099 2)0293 3)0214 4)1632
0)4 0)2286 0)8649 1)5489 2)0293 2)4144

1 xN
k

0)5 0)2126 0)8604 1)5946 1)9610 2)0293
0)6 0)2421 1)0703 2)1487 2)5980 2)4144
0)7 0)3460 1)7216 4)0356 4)9862 4)1632
0)8 0)6823 4)0356 13)5226 19)1144 12)6545
0)9 2)5980 20)6250 1405)1523 292)2399
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TABLE 4

Continued

mN
l

xN
l

0)1 0)2 0)3 0)4 0)5

0)1 4)0587 16)3963 58)3573
0)2 1)1551 4)0587 8)8611 23)2859
0)3 0)6411 2)3033 4)0587 6)5494 12)6686
0)4 0)4903 1)9566 3)2774 4)0587 5)2269

2 xN
k

0)5 0)4710 2)2267 3)9895 4)2100 4)0587
0)6 0)5569 3)4573 8)0075 7)2194 5)2269
0)7 0)8327 8)7657 710)7681 44)9096 12)6686
0)8 1)7419 710)7681
0)9 7)2194

0)1 6)0881 26)1166 194)0415
0)2 1)7588 6)0881 14)3885 86)3979
0)3 1)0031 3)5897 6)0881 10)7230 39)7113
0)4 0)7926 3)3775 5)2187 6)0881 8)5446

3 xN
k

0)5 0)7917 4)7307 7)9886 6)8152 6)0881
0)6 0)9825 13)4724 87)8391 17)7342 8)5446
0)7 1)5676 39)7113
0)8 3)6110
0)9 17)7342

0)1 8)1174 37)1195
0)2 2)3810 8)1174 20)9100
0)3 1)3977 4)9804 8)1174 15)7371
0)4 1)1458 5)3031 7)4145 8)1174 12)5170

4 xN
k

0)5 1)2002 10)8074 16)0156 9)8686 8)1174
0)6 1)5901 65)2558 12)5170
0)7 2)8052
0)8 7)7903
0)9 65)2558

0)1 10)1468 49)6768
0)2 3)0225 10)1468 28)7206
0)3 1)8296 6)4889 10)1468 21)8745
0)4 1)5641 8)0604 9)9186 10)1468 17)3595

5 xN
k

0)5 1)7387 47)1367 40)3311 13)4968 10)1468
0)6 2)5284 17)3595
0)7 5)3303
0)8 25)4962
0)9
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3.2. CLAMPED}CLAMPED

In this case, the following changes occur in equation (4):

a
k
(xN )"sinbM

k
xN !sinhbM

k
xN #g6

k
(cosb1

k
xN !coshbM

k
xN ),

g6
k
"(cosbM

k
!cosh bM

k
)/(sinbM

k
#sinhbM

k
),

bM
1
"4)73004074, b

2
"7)85320462, bM

3
"10)99560783, bM

4
"14)13716549,

bM
5
"17)27875965, bM

6
"20)42035224, bM

7
"23)56194490, bM

8
"26)70353755,

bM
9
"32.98672286, bM

10
"36)12831551,2 .

Considering the fact that the midpoint sti!ness of a clamped}clamped beam is 192EI/¸3,
the kM

k
values found from equation (5) are entered in Table 3 after dividing by the factor 192.

In other words, the numbers seen in Table 3 are the dimensionless sti!ness values with
reference to the midpoint sti!ness of the clamped}clamped beam.

Because of the symmetry of the system, it is seen clearly that it is enough to show the
xN
l
values between 0)1 and 0)5.

3.3. SIMPLY SUPPORTED AT BOTH ENDS

In this special case, the following changes have to be made in equation (4):

K*"B1 #2k1
k
a (xN

k
)aT(xN

k
), M*"I#2mN

l
a (xN

l
)aT(xN

l
),

a
k
(xN )"sin bM

k
xN , bM

k
"kn, k"1, 2,2, 10,2 .

Considering the fact that the midpoint sti!ness of a simply supported beam at both ends
is 48EI/¸3, the kM

k
values found from equation (5) are entered in Table 4 after dividing by the

factor 48. In other words, the numbers seen in Table 4 are the dimensionless sti!ness values
with reference to the midpoint sti!ness of the simply supported beam at both ends.

Because of the symmetry of the system, it is seen clearly that it is enough to display the
xN
l
values between 0)1 and 0)5.

4. CONCLUSIONS

In this study, we have examined the problem of determining the sti!ness coe$cient of the
spring to be placed at a speci"ed position so that the fundamental frequency of the bending
beam subject to various supporting conditions does not change despite the addition of
a mass at a prede"ned position.

The values of the spring coe$cients calculated for practically reasonable mass ranges and
di!erent supporting conditions are tabulated. It is hoped that this information will be
valuable for the interested design engineer.

REFERENCES

1. J. T. WEISSENBURGER 1968 ASME Journal of Applied Mechanics 35, 327}332. E!ect of local
modi"cations on the vibration characteristics of linear systems.

2. J. F. BALDWIN and S. G. HUTTON 1985 American Institute of Aeronautics and Astronautics Journal
23, 1737}1743. Natural modes of modi"ed structures.
JSV=19992884



LETTERS TO THE EDITOR 359
3. Y. M. RAM and J. J. BLECH 1991 Journal of Sound and <ibration 150, 357}370. The dynamic
behaviour of a vibratory system after modi"cation.

4. J. E. MOTTERSHEAD and G. LALLEMENT 1999 Journal of Sound and <ibration 222, 833}851.
Vibration modes and the cancellation of poles and zeros by unit-rank modi"cations to structures.

5. P. A. A. LAURA, R. E. ROSSI and M. J. MAURIZI 1991 ¹he Shock and <ibration Digest 23, 3}7.
Dynamic sti!ening of structural elements.

6. M. GUG RGOG ZE 1997 Journal of Sound and <ibration 208, 153}158. On the eigenvalues of viscously
damped beams, carrying heavy masses and restrained by linear and torsional springs.
JSV=19992884


	1. INTRODUCTION
	2. THEORY
	Figure 1

	3. NUMERICAL RESULTS
	TABLE 1
	TABLE 2
	TABLE 3
	TABLE 4

	4. CONCLUSIONS
	REFERENCES

